Small-Step Structural Operational
Semantics (Small-Step SOS)

Gordon Plotkin (1981), under the name natural semantics
Also known as fransitional semantics, or reduction semantics

One can regard a small-step SOS as a device capable of
executing a program step-by-step

Configuration: tuple containing code and semantic ingredients

Eg., (a,o) (b, o) (s,0) (p)

Sequent (transition): Pair of configurations, to be derived (proved)

Eg., (ay,0) = (ay, o) (a1 +as,0) - (a] +ag, o)
Rule: Tells how to derive a sequent from others
E.g.,
(ay,0) > (a}, o)
(a1 +as, o) - (a) +aq,0)



Small-Step SOS of IMP - Arithmetic

State
lookup

(r,0) = (a(x),0) (SMALLSTEP-LOOKUP)

(a1,0) = {ay. 0)

(ay+ag,0) - (a] +as.0) (SMALLSTEP-ADD-ARC1)

(a,0) = (a5, 0)

(a1 +ag,0) - (a +dby. o) (SMALLSTEP-ADD-ARG2)

(i1 +i9,0) = (i1 +p 12, 0) (SMALLSTEP-ADD)



Small-Step SOS of IMP - Arithmetic

(ar,0) - {ay, o)
(a1 / as, o) - (a} / as, o)

(SMALLSTEP-DIV-ARG1)

(a2.0) — (a5, 0)
(a1 / as, o) > (a1 / ay, o)

(SMALLSTEP-DIV-ARG2)

(i1/1i9,0) = (i1 [ i20,0)  when ig # 0 (SMALLSTEP-DI1V)



Small-Step SOS of IMP - Boolean

(a1.0) = (a}.0)

(a1<=as.0) - (a}<=as. ) (SMALLSTEP-LEQ-ARC1)

(ag,0) = (a3, 0)

(i1<=ay.0) - (i1<=al), o) (SMALLSTEP-LEQ-ARG2)

(i1<=1i9.0) = (i1 < 12, 0) (SMALLSTEP-LEQ)



Small-Step SOS of IMP - Boolean

(b.o) > (V'.0)
(notb,o) — (notd'.o)

(not true.o) — (false.o)

(not false.o) — (true,o)

(b1.0) = (b}.0)
(by and bo, o) — (b} and bs, o)

(false and by,0) — (false,o)

(true and by, c) — (bo, o)

(SMALLSTEP-NOT-ARG)
(SMALLSTEP-NOT-TRUE)
(SMALLSTEP-NOT-FALSE)
(SMALLSTEP-AND-ARG1)

(SMALLSTEP-AND-FALSE)

(SMALLSTEP-AND-TRUE)



Small-Step SOS Derivation

The following is a valid proof derivation, or proof tree, using the
small-step SOS proof system for expressions of IMP above.
Suppose that X and Y are identifiers and o(x)=1.

(y/x,0)
(r+(y/x),0)
((x+(y/x))<=x.0)




Small-Step SOS of IMP - Statements

(r:=a,0) > (r:=d,0) State (SMALLSTEP-ASGN-ARG?2)
' ? ' ’ update
(r:=i,0) - (skip, oli/x (SMALLSTEP-ASGN)

(SMALLSTEP-SEQ-ARG1

(skip ; $2.0) — (s9.0) (SMALLSTEP-SEQ-SKIP)



Small-Step SOS of IMP - Statements

(b.a) » (V'.0)
(if bthen sy else so,0) — (if b then sy else s9.0)

(SMALLSTEP-IF-ARG1)

(if true thensjelse sy, o) = (s1,0) (SMALLSTEP-IF-TRUE)
(if false thensjelsess, o) — (s2,0) (SMALLSTEP-IF-FALSE)
(whilebdos.o) > (if bthen(s; whilebdo s)else skip.o) (SMALLSTEP-WHILE)
(varszl ; s) — (s, (2l = 0)) (SMALLSTEP-VARS)
X
State

initialization




Small-Step SOS in Rewriting Logic

Any small-step SOS can be associated a rewrite logic theory
(or, equivalently, a Maude module)

The idea is to associate to each small-step SOS rule

C -

a rewrite rule

o' - (C" if OC_-l—}C_-{ A OC_-Q—}C_E A ... Nol, —=Cr

(the circle means “ready for one step”)



Small-Step SOS of IMP in Maude

S
o See file IMmp-semantics-smal lstep.maude



